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ABSTRACT 

We cons t ruc t  an incomplete  3-c.e. enumera t ion  degree which is max ima l  

among the n-c.e, enumera t ion  degrees for every n wi th  3 _< n _< co. 

Consequent ly  the n-c.e, enumera t ion  degrees are not dense for any such 

n. We show also tha t  no low n-c.e, e-degree can be max ima l  among the 

n-c.e, e-degrees, for 2 < n < co. 

1. I n t r o d u c t i o n  

Computability theory has until recently been dominated by the structure of the 

Turing degrees, especially of the computably enumerable (or c.e.) Turing degrees. 

As the structure of the c.e. Turing degrees becomes increasingly well understood, 

leaving a small number of important and intractable problems apparently out 

of the reach of current techniques, there is more and more interest in related 

structures - -  such as the n-c.e. Turing degrees, the enumeration degrees of the 

S ° sets and the n-e.e, enumeration degrees, each of which forms a natural exten- 

sions of the c.e. ]hating degrees. Besides their theoretical interest, compared with 

the Turing or c.e. Turing degrees these extensions appear to have many novel 

features, including that they are based on reducibilities provided by flmctionals 

that  need not be total. An algorithm • relative to auxiliary information (or 

oracle) K yields a function • K computable from K, which may or may not be 

defined on all inputs. Restricting one's attention to the special case when • K 

is a characteristic function leads directly to the sets Turing reducible to A', and 

to the familiar local structure of the Tnring degrees. The basis for the exclusion 

of nontotal O A is, of course, nonconstructive (by Rogers [19], the set of indices 

of total O A is HA-complete). And in any case, there are theoretical impera- 

tives leading not merely to a more c o m p r e h e n s i v e  structure (the enumeration 

degrees), but to a mathematically informative context for the Turing degrees 

themselves. This is the perspective from which we approach, below, the question 

of local density/nondensity of degree structures. We begin with a brief survey of 

density results for various degree structures. 

1.1. THE TURING DEGREES. A prototypical result of Sacks in the early 1960's 

settled the density problem for the c.e. ~-hring degrees. 

THEOREM 1.1 (Sacks Density Theorem [22]): For every pair of c.e. Turing 

degrees a < b, there is a c.e. Turing degree c such that a < c < b. 

Concerning the global structure of the Turing degrees, Spector [23] showed 

that  there is a minimal degree (below 0"), a result later improved by Sacks. 
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THEOREM 1.2 (Sacks [21]): There is a minimal degree a < 0 t. 

1.2. THE ENUMERATION DEGREES. Let us first recall some basic facts about 

the enumeration degrees. Our formalization of enumeration reducibility closely 

follows [12]; see also [20]. For more information, see Cooper's survey paper [6]. 

Definition 1.3: An e n u m e r a t i o n  o p e r a t o r  (or e - o p e r a t o r )  is a computably 

enumerable set • of pairs (x, F}, where F is (the code of) a finite subset of ~. 

Each pair (x, F} E • is called a k0-axiom and F is called a pos i t ive  n e i g h b o r -  

h o o d  cond i t ion .  For a set B, if F C B then we say that  the q-axiom (x, F} 

appl ies  to  B. For any e-operator • and any set B, ko B is defined to be the set: 

~B = {x:  (3F) ( ( x ,F}  e q2 A F C_ B)}. 

We say that a set A is e-reducible to a set B (in symbols: A <e B) if there is an 

e-operator ko such that A = k0 B. 

The degree structure induced by e-reducibility is the structure of the e n u m e r -  

a t i on  d eg ree s  (or e -degrees ) ,  which is a natural extension of the structure of 

the Turing degrees, a fact first noticed by Myhill [17]. Indeed, it is easily seen 

that the mapping degT(A ) ~-+ dege(cA) (where CA denotes the graph of the char- 

acteristic function of A) is an order-theoretic embedding of the Turing degrees 

into the e-degrees. See for instance [20, Corollary 9.XXIV]. 

It is easy to see that under this embedding the c.e. Turing degrees correspond 

to the H ° e-degrees. Thus the Sacks Density Theorem for the c.e. Turing degrees 

immediately gives us density of the II°1 e-degrees. 

Density in the e-degrees is by now a fairly well understood phenomenon. It is 

known for instance that the local structure of the e-degrees, which coincides with 

the ~o e-degrees, is dense. 

THEOREM 1.4 (Cooper [4]; see also Lachlan and Shore [15]): The structure of 

the x,o -~2 e-degrees is dense. 

Unlike the case of the Turing degrees, there is no minimal e-degree, as proved 

by Gutteridge, [13]; see also Cooper [4]. The proof combines two results: First, 

any candidate to be a minimal e-degree must be A°; then it makes use of the 

following lemma. 

LEMMA 1.5 ([5]): For any A ° set B with 0 <~ B,  there is a A ° set A such that 

0 <~ A <e B. 

However, the global structure of the e-degrees is not dense. This result was 

first shown by Cooper [5], and later improved by Calhoun and Slaman. 
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THEOREM 1.6 (Calhoun and Slaman [3]): The structure of the H ° e-degrees is 

not dense. In fact there is an empty interval (a, b) ore-degrees with a and b H ° 

e-degrees and a <e b. 

Recently, Arslanov, Kalimullin and Sorbi established the full density of the A ° 

e-degrees. 

THEOREM 1.7 (Arslanov, Kalimullin and Sorbi [2]): The structure of the A ° 

e-degrees is dense. 

1.3. THE n-C.E. TURING DEGREES. The n-c.e, sets were first studied by 

Putnam [18] and Ershov [9], [10], [11]. For more information, see e.g. Epstein, 
Haas and Kramer [8]. 

We recall the basic definitions. 

Definition 1.8: A set A is said to be n-c.e, if there is a computable function f 
such that for all x, A(x) -- lims ](x,  s), f ( x ,  0) = 0 and 

(*) I{s: f ( x , s )  ~ f ( x , s +  1))] <_ n, 

i.e. f ( x ,  s) can change at most n times before reaching its limit. 

A is said to be w-c.e, if (.) is replaced by 

(**) I{s: f ( x , s )  ~ f ( x , s +  1)} I < x. 

2-c.e. sets are often called d.c.e,  sets. Clearly, the 1-c.e. sets are just the 

c.e. sets. 
By an unpublished result of Lachlan, every noncomputable n-c.e. Turing degree 

bounds a noncomputable c.e. Turing degree. Consequently the structure of the 

n-c.e. Turing degrees is downward dense by the Sacks Density Theorem. On 

the other hand, the w-c.e. Turing degrees are not dense: This can be seen by 

observing that the minimal degree constructed in the proof of Theorem 1.2 is in 

fact w-c.e. 

The upward density of the n-c.e. Turing degrees remained elusive for a long 

time. Eventually, joint work of Lachlan and Soare towards a negative result led 

to the full solution which appeared in Cooper, Harrington, Lachlan, Lempp and 

Soare [7]. 

THEOREM 1.9 (Cooper et al. [7]): There is a maximal incomplete d.c.e. Turing 

degree. 

In fact it is shown in [7] that there exists an incomplete d.c.e. Turing degree 

which is maximal among the n-c.e. (with n > 2) and w-c.e. Turing degrees. 
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Consequently the structures of the n-c.e. (for n 7_ 2) and of the w-c.e. Turing 

degrees are not dense. 

1.4. THE n-C.E. ENUMERATION DEGREES. Not until the late 1990's was there 

any serious investigation of the structure of the n-c.e, e-degrees. One example is 

the recent result by Kalimullin [14], refuting Downey's conjecture in the e-degrees. 

This result states that  it is not the case that  the structures of the n-c.e, e-degrees 

are all elementarily equivalent, for n _7 2. 

We now turn to density problems in the n-c.e, e-degrees. Since every d.c.e. 

e-degree contains a Hi-set ,  the structure of the d.c.e, e-degrees is dense. Also 

by examining the proof of Lemma t.5, one can show that  the structure of the 

w-c.e, e-degrees is downward dense. Recently, Arslanov, Kalimullin and Sorbi, 

[3], proved that  the structure of the n-c.e, e-degrees (for n >_ 3) is downward 

dense: In fact every nontrivial n-c.e, e-degree, for n _> 3, bounds a nontrivial 

3-c.e. e-degree. 

This leads us to the only remaining density problem in the n-c.e, e-degrees, 

raised by Arslanov at the Boulder meeting on open problems in computabil i ty 

theory (see [1, Open Problem 3.6]): Are the n-c.e, e-degrees dense for each n _> 3? 

Are the w-c.e, e-degrees dense? 

In this paper, we establish the following results which give negative answers to 

the questions raised by Arslanov at the Boulder meeting. 

THEOREM 1.10: There is a max imal  incomplete  3-c.e. e-degree, i.e., a 3-c.e. 

e-degree c < O' e such that  there is no 3-c.e. e-degree e with e < e < O~e, Thus  the 

partial order o f  the 3-c.e. e-degrees is not  dense. 

(We recall that  0Je is the greatest element of tile local structure of the e-degrees.) 

As in the Turing degrees, the result can be generalized to the structures of the 

n-c,e, or the w-c.e, e-degrees. 

THEOREM 1.11: There is an incomplete  3-c,e. e-degree which is max ima l  in the 

n-c.e, e-degrees (for all n ~_ 3) as well as in the ~-c.e, e-degrees. Thus  the partial 

orders o f  the n-c.e, e-degrees (for n ~_ 3) and the partial order of  the w-c.e. 

e-degrees are not  dense, 

However (Corollary 6.2) we also prove that  no low n-c.e, e-degree can be 

maximal  among the n-c.e, e-degree for 2 < n < w. 

1.5. THE PLAN OF THE PAPER. Our plan for showing the existence of a maxi- 

mal 3-c.e. e-degree is to suitably adapt  the proof of Theorem 1.9 from [7] to the 

context of the e-degrees. However, the differences between Turing reducibility 
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and enumeration reducibility give rise to many subtle points. For those who are 

familiar with [7], we briefly mention some of these points here. The discussion 

will be informal, because many notations will be formally introduced only in the 

following sections. 

We want to construct a 3-c.e. set C with maximal 3-c.e. and incomplete e- 

degree. An axiom in an e-operator has no negative neighborhood conditions, 

thus, a computat ion can only be killed by destroying its positive neighborhood 

condition, that  is, by extracting numbers from the oracle. This leads us to set up 

Co to be w at stage 0. Extracting a number and putt ing it back, as dictated by 

the action, results in a 3-c.e. set C instead of a d.c.e, set as in the Turing case. 

Lack of negative neighborhood conditions also makes us treat  F c u  and A c 

differently. When we build two e-operators r and A, trying to achieve r CU = -i-¢ 

and A c = U, where U is a given 3-c.e. set, in order to satisfy an S-requirement, 

we hope to have the following dichotomy: If U changes then we make progress 

on F; otherwise, we make progress on A. This is what happens in the proof of 

Theorem 1.9 in [7]. Now in the e-degrees, if some element re-enters U, then we 

cannot make use of this change to progress F, since any positive neighborhood 

condition still applies to C ~ U, and we have to correct (in fact, update) A 

by adding more axioms. As regards FCU-uses, when some element w leaves U, 

there might be some R-controller strategy that  wants to use this change to lift the 

rcu(w')-use for some w I > w. Thus we make the r-use function to be increasing. 

Finally, we want to point out that  an e-operator A (for which we want, say, 

A C = U) only requires a A-axiom (x, F)  to apply to C for x E U. If x ~ U, then 

A may not contain any axioms of the form (x, F)  for F C_C_ C (this corresponds 

to the undefined case in the Turing degrees). In this sense, A C is always total. 

This makes us modify the selection of the killing point for A C = U. The problem 

occurs when the 3-c.e. set U is finite. In that  case, A could either be a finite set 

(of axioms), so that  we might never see any candidate for being a killing point; 

or the candidate v for being the killing point keeps moving to infinity. However, 

this works to our advantage. All we need to do is to find a threshold u and kill 

the computations A C (v) for v _> u, (regardless to whether we cope with the same 

v or not). 

Let us list a few conventions. Given an enumeration operator 0 ,  we use the 

corresponding lower case letter OX(x) (or O(x) if the oracle is clear from the 

context) to denote the use function for 0 x (x) = 1. If  0 is not built by us (in 

dealing with 0 c where C is built by us and 0 c is supposed to compute a H ° 

set) we agree that  O(x) is the least number such that  no computat ion OC(y) = 1, 
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with y _< x, is destroyed by extracting any number z >_ O(x). (Thus the use is 

increasing with respect to the argument x.) Of course the function 0 need not 

be total. 

In the case of e-operators built by us, such as the e-operators F's and A's, we 

will agree that the use functions will coincide with certain (partial) functions 

and 5, respectively, which will be provided by the construction. 

Given any set X and x c a J, then we let 

X [ x = { y : y e X : y < x } .  

If the e-operator F applies to the join of two sets X and Y, we will write F X~" 

instead of F X ~ r  and we also assume that the use is computed in the two sets 

separately, i.e., F XYI(~(x)+l) will mean F X~(~'(x)+l)°Yr(~(z)+a). 

During the course of a construction, whenever we define a parameter as f resh  

or big, we mean that it is defined as the least natural number which is greater 

than any number mentioned so far in the construction. 

Finally, we assume that the tree of strategies grows upwards. 

2. T h e  r e q u i r e m e n t s  a n d  t he  basic s t r a t eg ie s  

We want to construct a 3-c.e. set C <e K such that there is no 3-c.e. set. U with 

C <~ U <e K. We recall that the e-degree of K (i.e. the complement of the 

halting set K) is the greatest element of the local structure. Fix an effective 

enumeration of all 3-c.e. sets {Ue}~c~. For each U¢, we build an enumeration 

operator Fe satisfying the following requirement: 

,5'e: ~ = _~r cu~ or (3A~) ( ~  = A c ) .  

Fix an effective enumeration of all e-operators {O¢}¢e~. To ensure that C is 

incomplete, we build an auxiliary I-I°l set A satisfying the following requirements: 

In the rest of this section, we will describe the basic modules for 7~-destroyer- 

strategies, T4-controller strategies and ,5 strategies. In the next section, we run a 

test case for two S-strategies to illustrate the general ideas. For more intuition 

and for the evolution of the ideas about g-destroyer and ?~-controller strategies, 

see Cooper et al. [7]. 

2.1. THE BASIC S-STRATEGY. The basic task for S is to build an e-operator 

P such that r cU computes 7~. The job for building A is left for some lower 

priority T4-destroyer strategies. We begin with Co = co. As time goes by, S 

defines rCU(w) = 1 with use 7(w) c C for more and more ,L s. When w enters 

K, we extract. 7(w) from C to preserve the correctness of P. 
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We now make some remarks on uses, which will make clear what we mean by 

use functions for F and A. As in [7 l, when we define FCU(w) with use 7(w), we 

not only enumerate the axiom 

<w, c t + t) • g I + 1)> 

into F, but we also reserve an interval, called a use  b lock,  

B ( w )  = [7(w)  - n ,  7 ( - ' ) ]  

(for some n), solely for destroying and restoring F cU (w). The choice of I BI (the 

size of the block B) will be discussed later. We assume that  IBI is less than the 

least element of the block B. We also assume that  whenever some element needs 

to be extracted from a use block, it will be the least unused element of it. We 

make a similar convention for At-uses .  

Initially, we choose the use 7(w) for FCV(w) to be big. When the oracle C • U 

changes below 7(w) and no previous definition of FCU(w) applies, we redefine 

FCV(w) as follows: First note that  for this to happen, some element must leave 

C or U. If no element in the use block B(w') with w' _< w has left from C, 

then we will redefine FCU(w) with the same use ~/(w); otherwise, we will redefine 

FCU(w) with big use. This is to prevent other A- or F'-uses from interfering with 

the definition of F(w). Summarizing: ~/(w) only moves if for some w' <_ w, B(w') 
changes; in all other cases, "y(w) remains the same. 

The ,S-strategy may be injured if some lower priority 7C-destroyer strategy 

builds an e-operator A such that  U = A c .  In the process of building A, there 

would be a point w E A; such that  all definitions of F CU (w') with w' > w are 

destroyed by TO, i.e., no (w', F)  E F will apply to C ® U. In this case, the 

requirement S will be satisfied by the TO-destroyer strategy, which we discuss 

next. 

2.2. THE BASIC 7"J~-DESTROYER STRATEGY. The task for an T/-destroyer 

strategy is to either successfully diagonalize against its O or build A c = U 

for some higher priority S-strategy. We try to accomplish the first task via a 

simple Friedberg-Muchnik strategy. We start  with A0 = w: 

(1) Pick a fresh witness x E A and keep it in A. 

(2) Wait for a computat ion OC(x) = 1 which is cleared of all higher priority ~/- 

and 5-uses. (We say that  a computation OC(x) is c l e a r e d  o f  the use 7(w) 

if {?(x) is less than the least element of the use block for FCU(w). Similarly 

for 5-uses.) 
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(3) If we find one, then extract x from A and restrain C [ (0(x) + 1), i.e., do 

not allow elements in this set to leave C. 

If no such computat ion is found, then we perform the so-called "capricious de- 

struction" and turn to the task of building A for some higher priority requirement 

8. 

We define A C = U as follows. As time goes by, we pick the least number v in 

U such that  AC(v) is undefined and define AC(v) = 1 with big use 6(v), that  

is, enumerate (v,C [ (6(v) + 1)) into A and specify a use block similar to what 

we did for F. In normal circumstances, when v leaves U, we correct AC(v) by 

extracting an element from the 5(v)-use block. If  later v comes back again into U, 

then we redefine AC(v) = 1 with big use. Note that  in this case we could safely 

redefine AC(v) ---- 1 with 5(v) = 0 by adding (v, ~) E A. We prefer however to 

redefine AC(v) ---- 1 with big use, to avoid having tediously to distinguish during 

the construction between elements entering U for the last time and elements 

entering U for the first time. Note also that  F has no such feature as K in H °. 

However, in the case when this T~-destroyer strategy is taken charge of by some 

T¢-controller strategy, we will follow the instructions imposed by the controller, 

which will be discussed later. 

In Section 4 we will use a binary tree T to organize strategies. If a s trategy is 

assigned to a node/3 of T, then it is convenient to identify the strategy with the 

node/3 corresponding to it. The informal discussions that  follow frequently refer 

to this identification. 

We now discuss an 7~-destroyer s t ra tegy/3 in more detail. In general, ~ will 

have to deal with a finite (nonzero) number of e-operators F's built by higher 

priority S-strategies (and not destroyed yet), and a finite number of A's  built by 

higher priority T~-destroyer strategies (and not destroyed yet). ~ will destroy the 

lowest priority one of the F's, say F, and also the A's  of lower priority than F, 

and it will build ~-c' = U. 

An n-destroyer  s t ra tegy/3 has a fixed "killing point" w for killing F. fl has 

also a threshold value u for destroying A C = U. (Note that  we could take u to 

be w, but we want to emphasize the asymmetry  between w and u.) Whenever 

I (  [ w or U [ u changes (that is, in the latter case, some element v < u either 

enters or leaves U), we discard the e-operator A which/3 is currently building 

and start  a new copy instead. The strategy thus assumes that  K [ w and U ~ u 

have already settled down, which is true after a finite amount  of injury. 

2.3. THE BASIC n-CONTROLLER STRATEGY. If there is no F to destroy, then 

the 7~-destroyer strategy becomes an ~-controller one. An T~-controller strategy 
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? picks a witness x and waits for computations for its own O and all e-operators 

O/~ relative to higher priority 7~-destroyer strategies /3 with infinite outcome 

(including the ones whose AZ has been destroyed already), and for the use- 

blocks of the e-operators FZ and AZ to be sufficiently large with respect to 0(x) 

and all the 0Z(x)'s. If the /C-controller fails to find computations as specified, 

then the corresponding requirement ~ is satisfied without taking any action, 

otherwise the TO-controller will t ake  cha rge  o f  all t h e  h i g h e r  p r i o r i t y  7~- 

d e s t r o y e r  s t r a t e g i e s / 7  and ensure that either ~ itself or one of these higher 

priority strategies/7 satisfies its corresponding requirement by diagonalization. 

3. A s imple  case: W o r k i n g  a b o v e  t w o  S-s t r a t e g i e s  

We run through the case where two S-strategies are present. It will give us an 

intuition for the general case. We also use this opportunity to introduce some 

notations and discuss some fine points which have been left out in the previous 

section. 

Assume that (~o and O~ 1 are S-strategies working for the requirements So and 

$1, and building e-operators F0 and F 1 respectively. Assume that C~o C c~1, in 

other words So has higher priority than S1. We describe the T~-strategies above 

them one by one. 

3 .1 .  DESCRIPTION OF AN T~0-DESTROYER STRATEGY. The first node/30 above 

a l  will be an 7Co-destroyer strategy. The goal for /30 is either to find a @o- 

computation which is cleared of both "f0- and "yl-uses; or to destroy pcu~ and 

build A~ c = I/l- 

The 7~o-destroyer strategy 130 has three parameters: x0 (called a wi tness)  for 

diagonalization against ooC; wo (called a kil l ing po in t )  for destroying F1; and 

a counter io to record the number of previous Fl-killings performed by/30 so far. 

Initially, :co and wo are chosen fresh and io is set to 0. We make some remarks 

on the choice of wo. First, whenever wo enters K,  we discard wo and take the 

least number greater than wo in (the current approximation to) I(  as the new 

killing point. As I(  is infinite, eventually we will find a killing point in I(.  

Secondly, when Iq [ Wo changes, the strategy 13o gets rese t ,  that  is, all previous 

TOo-strategy actions are cancelled, but the killing point wo remains unchanged. 

From now on, we always assume that any killing point w for destroying some 

e-operator F is chosen from K and I(  [ w never changes, which is true after finite 

injury. Having said this, we would like to point out that the fact that Wo lies 

in K is not relevant. For example, we can destroy F as we destroy A, namely, 

by specifying a threshold u and killing all computations FCU(v) = 1 for v >__ u. 
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However, choosing w0 from 1( makes things closer to the Turing case, and offers 

us a desirable asymmetry  between F and A. 

The 7~0-destroyer strategy/3o proceeds as follows. 

1. Wait for OC(xo) = 1 and 

( w  _< e A eoC'( ) = 1). 

(The second condition is to help the future 7C-controller s trategy and slows 

down the no-destroyer strategy.) 

2. If min[7o(Wo)-, 71(w0) - use blocks] is larger than Oo(Xo) then extract Xo 

from A, restrain C I (Oo(xo) + 1), and stop. 

3. Otherwise, define B/lo to be the current "),l(wo)-use block; extract 3']('Wo) 

from C; request that  the Sl-strategy choose the new ?l(W0)-use block to 

be very big; for any i < io if i E [;1 then define Ac( i )  = Ul(i) with fresh 

use 51(i) and keep it correct from now on (unless stopped), and go back to 

1. Notice that  Xo has not yet been extracted from A. 

If we loop through 3. infinitely often, then in the process the use 71 (wo) is lifted 

further and further to infinity. 

The outcomes of the 7~o-destroyer strategy: /30 has a finite outcome (denoted 

by 1), if it is eventually always in 1. or in 2. It  has an infinite outcome (denoted 

by 0) if it goes from 3. to 1. infinitely often. 

3.2. DESCRIPTION OF AN ~]-DESTROYER STRATEGY. Above the finite out- 

come of/3o, there will be an ~ l -des t royer  strategy which proceeds exactly as the 

TOo-destroyer strategy. Above the infinite outcome 0 of/3o, there will be an Tel- 

destroyer strategy/31. The plan for/31 is either to find a Ol-computat ion cleared 

of both 70- and 5~-uses; or to destroy both F0 CU° and A1C and build A C = Uo. 

The 7el-destroyer strategy /31 has the following parameters: A fresh witness 

xl for O1; a killing point wl > Wo from K, a t h r e s h o l d  va lue  ul and a counter 

il to record the number of previous Fo-killings performed by/31. Similarly to the 

remark about the parameter  w, if Ut I ut changes, then we reset/31- Thus from 

now on, we assume that  no element v < us ever enters or leaves U1, which is true 

after finite injury. 

Remark  on counters: We insert at this point a remark on counters. As appears 

from the discussion below, we need that  0(il) be defined, i.e., il ~ ( ~ .  This is 

not too ambitious to require, since A is a H1 ° set, and thus we may assume that  

il E A. However, il might have been already chosen as a witness and extracted 

by some T~-requirement. To avoid this, we define a c o u n t e r  f u n c t i o n  p, i.e., a 
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strictly increasing computable bijection of w onto some computable set R, such 

that R _C A, and no witness for any 7~-requirement is ever chosen from R, nor is 

of the form x + r where x is some other witness and r E R. Under the hypothesis 

that A = O c,  we may therefore assume that O(r) -- 1 and (gC(x + r) = 1, for 

every r E R and witness x. Since we need that (~(i) = 1 and O(x + i) = 1 for 

every counter i and witness x -- these assumptions will be used in the formal 

construction and in the combinatorial argument leading to the verification of 

Lemma 5.2--  we will agree, abusing notation, that  the counter i denotes in fact 

the i-th element of R, i.e., p(i). Consequently, incrementing the counter i by one 

will mean going from p(i) to p(i + 1). 

At stages at which the 7¢0-destroyer strategy 3o passes 2., the Tel-destroyer 

strategy/31 proceeds as follows. 

1. Wait for 

(a) Oc (x l )  --- 1; 

(b) (Vz _< il)(z ~ A ~ OC(z) = 1); 

(c) IB~ot > i1" 01(il); 

(d) Uj I (Odil) + 1) = Uj,8. [ (0~(i1) + 1) for j = 0, 1. (In fact C_ would 

be sufficient here.) 

Here Blo is the "~l(wo)-use block just having been used by 3o to destroy 

F~ U1 (wo), and s* is the stage at which the use block B~o_ 1 was defined. The 

purpose of the last clause is to ensure that extracting from and putting back 

numbers into C after a particular stage s. (as defined in the description of 

an TC3-controller strategy below) will not reinstall F-axioms defined before 

stage s*. The reason is that there is a permanent change in C made at 

stage s*, i.e., the extraction of the i0 - 1-th "yl(W0) from C. Again, the 

second clause is to help the TO-controllers. The third clause is to ensure 

that  B~o is large enough for future destroying and restoring. In particular, 

this clause ensures that *fl(Wo) >> 0t(il)  (i.e., 71(wo) "much greater than" 

01(il)). 

2. If min[~fo(Wi) --use block] > 01(x1), and for all v >_ ul such that  AC(v) = 1 

is defined, the least element in the 51(v)-use block is greater than 0i(xl) ,  

then extract xl  from A, restrain C I (Ol(xl) + 1), and stop. 

3. Otherwise, define B°  to be the current "yo(wl)-use block. For any v _> ul 

such that A1C(v) -- 1 is defined, let D/1 (v) be the 51(v)-use block. Extract  

~o(wl) and 51(v) (for each v described above) from C; request that  the 

new "yo(wl)- and 51(v')-use blocks (for any v t) be very big; for any i < il 

if i C Uo then define AoC(i) = Uo(i) with big use (f0(i), keep it correct from 
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now on (unless stopped), and go back to 1. The picture is now that the 

uses 7o(wl) and 61(v) all go to infinity and leave only the markers 5o(i) 
for more and more i's. In fact, the 60-markers wipe out all lower priority 

markers. 

The outcomes of the 7el-destroyer strategy: ~1 has a finite outcome (denoted 

by 1), if it is eventually always in 1. or in 2. It has an infinite outcome 0 if it 

goes from 3. to 1. infinitely often. 

3.3. DESCRIPTION OF AN T~2-DESTROYER STRATEGY. Above the finite out- 

come of/31, there is an 7~2-destroyer strategy f12 similar to the strategy 7~1 which 

we have just described. We now look at what happens above the infinite outcome 

of/31. First notice that $1 is not satisfied since both pCU~ and A C have been 

destroyed. We have therefore to introduce another version of the Sl-strategy, 

,~1, which builds F. The 7¢2-destroyer strategy has to deal with -l~CV~ and A C. 

It will destroy ~cu~ and build ~ c  unless it happens to find a O2-computation 

cleared of both 80- and ~l-uses. 

The TC2-destroyer strategy /32 has the following parameters: A fresh witness 

x2 for O2; a killing point w2 > wl from K; a threshold value u~; and a counter 

i2 to record the number of previous Fl-killings performed by/32. 

At stages at which the T~l-destroyer strategy passes 2., the strategy ~2 proceeds 

as follows. 

1. Wait 

(a) 
(b) 

(c) 

(d) 

. 

. 

for 

O~'(x2) = 1; 

(vz < i2)(z c A a eC'(z)  = 1); 
B 1 I  ol, IB°ll, ID)l(v)l > i2- e2(i2) (v > 

Uj [ (02(i2) + 1) = Uj,s* [ (02(i2) + 1) for j = 0, 1. 

Here B)o,B° ~ and D~(v) are the current 71(w0)-, ~o(Wa)- and 61(v)-use 

blocks, respectively, and s* is the stage at which the use block B ° _ l  was 

defined. 

If min[~l(w2) - use block] > 02(x2), and for all v >_ u2 for which AC(v) = 

1 we have that  min[50(v)-use block] > 02(x2), then extract x2 from A, 

restrain C [ (0~(x2) + 1), and stop. 

Otherwise, define ~.1 to be the current ~l(w~)-use block; extract ~1(w2) ~2 
from C; request that the new ~l(W2)-use block be very big; for any i <_ i2 

if i • U1 then define £ c ( i )  = UI(i) with big use ~1(i), keep it correct from 

now on (unless stopped), and go back to 1. 
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The outcomes of  the T~2-destroyer strategy: T~2 has a finite outcome (denoted 

by 1), if it is eventually always in 1. or in 2. It has an infinite outcome 0 if it 

goes from 3. to 1. infinitely often. 

3.4. DESCRIPTION OF AN ~,,3-CONTROLLER STRATEGY. Above the infinite 

outcome 0 of/~2, there is an T~3-controller strategy 7- It is a controller, since it 

has no F to kill and deals with only A- (in our case A0- and A1-) uses. The 

strategy 7 will eventually take charge of Ro, T~I and T~2 unless it successfully 

wins its own diagonalization against 03. Once it takes charge, it will ensure that  

one of T~n (n = 0, 1, 2, 3) succeeds in diagonalizing against O~ c using 7's witness. 

Exactly which 5gn wins depends on elements leaving [7o and Ut and tile con- 

sequent effect of these extractions on the e-operators. Roughly speaking, if no 

elements leave either U0 or U1, then we do not need to correct A0 and A1 for 

the sake of these elements. Note that we did not ignore the possibility of some 

new element z entering U0 (or U1), but to cope with this we can simply de- 

fine AC(z) = 1 (or AC(z) = 1) with proper use. If exactly one among U0 and 

U1, respectively, has some element leaving the set, then this will clear the O- 

computation of the T~I- or 7~2-destroyer strategy of 70- or ~l-uses, respectively. 

And if both U0 and U1 have elements leaving, then the g0-destroyer strategy has 

a cleared O-computation. 

The ga-controller strategy has a witness x3 (the same for all O~, n = 0, 1, 2, 3). 
Initially, it chooses x3 fresh. At stages at which the T~2-destroyer strategy /32 

passes 2 ,  it proceeds as follows. 

1. Wait for 

(a) One(X3) = 1 for n = 0,1,2,3; 

(b) i0, il, i2 > x3; 
(c) min{IBlol, B ° D 1 I i11, t i~(v)l, IB¢21 v > u , }  to be sufficiently large (the 

precise bound for the size of blocks is not crucial at this moment. For 

example, we can choose the bound to be 4- (83(x3) + 1) + 2 which 

is larger than all possible combined changes of U0 [ (83(x3) + 1) and 

Vl r (•3(x3) + 1)); 

(d) Uj r (03(x3) + 1) = Uj,,. r (03(x3) + 1) for j = 0, 1 at some stage s.. 

Here ~.1 is the ~l(wx)-use block currently used by/32; and s* is the stage 
*2 

at which the use block 2 1 i2-1 was defined. We can summarize part of the 

above da t a  as follows: 

• First of all, notice that  io, i l ,  i2 > x3 > x2 > Xl > xo. 

• 71('02) > minB~a; by our convention, minB/1 > IBi2t and {B~=I >> 

8a(X3). 



Vol. 137, 2003 THERE EXISTS A MAXIMAL 3-C.E. ENUMERATION DEGREE 299 

. 

. 

• "yO(Wl), 51(V ) >> 03(X3) by the same reason. Moreover, by one of the 

clauses in T~2, both 70(w:) and 5:(v) are >> 02(i2), thus in particular, 

>> 02(X3) and >> 02(X2). 

• 71(WO) >> 03(X3),O2(X3) by the same reasons. Moreover, by one of 

the clauses in T~:, 71(wo) >> 0l(i i) ,  thus 71(wo) >> O:(x3), O:(x:). 
Set 

Yn = max {Ore(x3)} 
n<m<3 

for n = 0, 1, 2, 3; set ;*t~ = i~ for n = 0, 1, 2; extract x 3 from A, and restrain 

C r (yo + 1) from lower priority strategies. We say that the T~3-controller 

strategy 7 is t ak ing  c h a r g e  o f  the/30-, ,6:-, and/32-strategy. (Some of the 

above relations about uses can be restated in terms of the y's as follows: 

We have ~l(W2) >> Y3; 70(Wl), 51(v) >> Y2; 71(Wo) >> Yl.) 

From now on, whenever some element below Yo leaves Uj, go through the 

following algorithm to decide which strategies should act, and act accord- 

ingly. 

Find the unique strategy which kills Fo for So. In our case, it is the T~- 

destroyer strategy/31. Find the biggest y which is definitely below 7o(Wl). 

In our case it is y2. Ask if 

U0 [ ( y 2 + l )  D U0,s. [ ( y 2 + l ) ,  

i.e., if no elements have left Uo,,. r (y2 + 1). 

a. The answer is "Yes". It means that Y2 is safe from AoC-corrections, 

i.e., we will not extract ally number less than y2 from C (since 6o(V) > 

Y2 for every v > Y2) to correct AoC(z ) for some z. Thus the 7~l- 

destroyer strategy fll can continue to act. We then repeat the same 

procedure for the strategies respecting A1 (this makes us move up 

along the tree). In our case, we restrict our attention to nodes above 

/31 ~0; by repeating the algorithm, we find the next higher S-strategy 

whose F was destroyed (in our case ,~1) and a number, which is defi- 

nitely below ~l(W2) (in our case Ya). Ask if 

a.1. 

U1 F (Y3 + 1) __ Ul,s. t (Ya + 1). 

The answer is "Yes". This means that Y3 is safe from A1- 

corrections. Thus, the requirement T~ 3 is satisfied, and Ao c and 

A1 c are correct. We let the strategies /3n act for n -- 0, 1,2; 

and have C O B ~ C,. O B (by extracting elements from B) for 
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,~), ~; (v), ~. The purpose is to kill the definitions 

made at stage s..  

a.2 The answer is "No". This means that ~l(W2) is cleared, since 

Y3 < ~l(W2). Thus, the requirement 7~2 is satisfied via oC(x3) 

A(x3) and the computation is cleared of Fl-uses and Ao is 

correct. We let the strategies/3n act for n = 0, 1; prevent the 

T~2-destroyer strategy/~2 from acting; restore C r (Y2 + 1) _D 

Cs. I (Y2 + 1); and have C N B ~ C8. A B for B = B1;, B ° 
(v). 

b. The answer is "No". This means that 70(wl) is cleared, since y2 < 

71(wl). We switch back to Fo (i.e., stop building Ao). We repeat 

the same procedure for the strategies having higher priority (which 

makes us move down along the tree). In our case, similar to a. we 

find ,91 and Yl. Ask if Ux [ (Yl + 1) D UI,s, I (Yl + 1). 

b.1. The answer is "Yes". This means that the computation 

OC(x3) is safe from Al-corrections and cleared of Po-uses 

(by Uo-change). Therefore, the requirement T~I is satisfied via 

the witness x3. We let the go-destroyer strategy /~0 act and 

prevent the T~n-strategies from acting for n -- 1,2; restore 

C [ (Yl + 1 )  _D Cs. r (Yl +1); and have C N B  ~ C8. N B  

for B = B~;. 

b.2. The answer is "No". This means that 71(Wo) is cleared, 

since Yl < 71(wo)- Thus, T~o is satisfied via the 71- and 

To-cleared computation OC(x3). We prevent the T~n-destroyer 

strategies /3n from acting for n = 0,1,2; and restore 

C I ( y o + l ) _ ~ C ~ .  I ( y o + l ) .  
In any case, one of the requirements T~n (for n = 0, 1, 2, 3) is satisfied. 

4. T h e  construct ion  

4.1. THE TREE OF STRATEGIES. We use a tree T which is a subtree of the full 

binary tree 2 <", to organize our strategies. We interpret 0 as the infinite outcome 

and 1 as the finite outcome of a strategy ~ E T. 

A remark on notations: In the following the Greek letter ~ is reserved for a 

generic node of the tree, a for an S-strategy, and/3 for an T~-destroyer strategy 

and "y for an R-controller strategy. 

Fix an effective priority ranking of the requirements: 

,50 < 7~o < 81 < g l  < " " .  
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We label each node on T with a strategy recursively as follows (in fact we are 

defining T simultaneously by the same recursion): 

• the root ~ is labelled by So: 

• let ~ E T. Assume that  all ~/ C ~ have been labelled. We first introduce 

some terminology. 

We say that  a strategy ~ C ~ is E3- in ju red  a t  ~ b y  t h e  p a i r  a and /3 ,  

if a is an S-strategy,/3 an n-destroyer  strategy, 

a c ~ c / 3 c / 3 ^ o c _ ~  

and/3 is targeted to destroy ct's F (as defined below). We say that  ~t C ~ is 

N3- in jured  a t  ~, if there is a pair c~ and/3 which ~3-injures r / at  ( .  Note 

that  by the assignment procedure, rl can be either an S- or an T¢-destroyer 

strategy but not an 77.-controller, because no S will be active (as defined 

below) at an T¢-controller. 

A requirement S is said to be a c t i v e  a t  ( if there is an S-strategy c~ C 

and there is no 7~-destroyer strategy/3 with c~ C/3^0 C_ ~ that  is targeted to 

destroy ct's F (as defined below). 

A requirement S is said to be sa t i s f ied  a t  ( if there is an T¢-destroyer 

strategy/3 such that/3^0 C_ (, /3 is targeted to destroy the F of an S-strategy 

at a C/3 and neither c~ nor/3 is N3-injured at ~. We will say that  c~ is sat- 

isfied at ~ v ia /3 .  Observe that  in the above setting, c~ is N3-injured if and 

only if/3 is. 

A requirement T¢ is sa t i s f i ed  a t  ~ if there is an 7~-destroyer or a 7~- 

controller strategy 7! with r I^1 C ~. 

We now continue the labelling process of (. The node ~ is labelled with 

the strategy of highest-priority requirement that  is neither active nor sat- 

isfied at ~. 

If ( is labelled with an T¢-strategy then ~ is an T¢-control ler  s t r a t e g y  

if no requirement S is active at 4; otherwise ( is an n - d e s t r o y e r  s t r a t e g y  

targeted to destroy the F of the longest ~ C ~ such that  cFs S-requirement 

is active at ~. 

The i m m e d i a t e  succes so r s  of ( on T are ( ^ 0 if ~ is an S-strategy, ~ ̂  1 

if ~ is an T¢-controller strategy, and both ~^0 and ~ 1  if ~ is an T~-destroyer 

strategy. 

Notice that  our labelling process guarantees the following fact: tf  c~ is active 

at ~ then c~ is not ~3-injured at ~. 

LEMMA 4.1 (Finite Injury and Satisfaction along Any Path  Lemma): Assume 
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that p is a path through T and 0 is a requirement. Then 0 is assigned to only 

finitely many nodes ~ C p. I f  ~o is the longest such, then either 0 is satisfied at 

p [ n via ~o for all n > I(o] or 0 is active at p [ n via ~o for all n > I~ol- 

Proof: Routine. See for instance [7]. | 

4.2. DECISION ALGORITHM. We now develop an algorithm which will be used 

in the description of the construction and the verification. Fix an arbitrary/~- 

controller strategy 7. Let 

SO, $ 1 , . . - ,  Sjo 

be the S-requirements of higher priority t han / ) .  Let 

Ozo C c~1 C - "  C OZko 

be the S-strategies c~ c 7; let 

/~0 C /31 C " '"  C /~/o--1 

be the ~-destroyer strategies 3 with 3^0 c 7 and let flto be 7- We shall call the 

set {3t : 0 < I < /0}  the domain ofT. 

Let Uj be the 3-c.e. set corresponding to the requirement Sj for 0 < j < jo. 

Fix a stage s, and numbers Y0 >_ Yl >_ . . .  >_ Ylo. At any stage s > s , ,  we 
may use the following algorithm, called the dec is ion  a l g o r i t h m  for  7, to find 

a unique number I, with 0 < l, < 10. The decision made will be based on the 

assignment of strategies to nodes of the tree T and on the elements leaving the 

sets Uj between stages s,  and s. The number l, will be used in the sequel to 

partit ion the domain of 7 into two sets: {31 : 1 > I,} in which every node is 

stopped by 7, and {3t : l < / , }  in which all nodes are allowed to act by 7. 

The algorithm has two parameters a and b for the lower and upper bound of 

the search, respectively. We run through cycles starting from i = 0. After each 

cycle i, the searching scope is shrunk to an interval [a~+l, b~+l] containing only 

the Si,-strategies for i < i r _< jo. 

Roughly speaking, at each cycle i, we will decide whether or not we can make 

use of the fact that some element of Ui.s, [ yt leaves Ui to get a 7i-cleared 

computation. The number l is related to the different Si-strategies working for 

the same Si-requirement. For instance, in the discussion of two S-strategies of 

Section 3, the requirement $1 has two Sl-strategies, namely $1 and $1. By 

observing that  a new strategy appears only after the old one is E3-injured, we 

can use the global priority of requirements as a guide in our search. 
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Init ial ly set a0 = - 1  and bo = lo. Let  us use/3_1 to denote  some imaginary  

node below the root  of the tree, so tha t  we are sure to include the S0-s t ra tegy 

which is assigned to the root.  

CYCLE i: Given a = ai and b = bi. If there is no S i - s t ra tegy  a such tha t  

/3~ C a C/35, or b = 0, then stop and ou tpu t  l. = b. 

Otherwise,  let a be the unique node labelled Si such tha t /3a  C a C/35 and let 

l be the unique number  such t ha t  a < 1 < b and the TO-destroyer s t ra tegy/3!  is 

ta rge ted  to destroy a ' s  F. (We will show the existence of a and 1 later.) Check if 

Ui,s. [ (Yl+l + 1) C_ Ui,s [ (Yl+l + 1). 

If  the answer is "Yes", then  set  ai+l = l and bi+l = b; otherwise,  set  ai+l = a 

and bi+l = I. Go to cycle i + 1. 

This  ends the decision algori thm. 

The  following l e m m a  verifies the existence of the pa ramete r s  ment ioned in the 

decision algori thm. 

LEMMA 4.2 (Decision Lemma) :  Let  i < jo and a = ai and b = bi. Assume tha t  

the algorithm does not s top at cycle i. Then the following holds. 

(1) There  is a unique Si -s trategy a such that/3a C a C/35. 

(2) For any i" > i ~ >_ i, i f  there is an Si , , -strategy a"  with/3a c ~" c/35,  then 

there is an Si , -s trategy a ~ with/3~ c a ~ C a"  C /35" 
(3) For any i ~ < i, either (3a) or (3b) holds: 

(3a) The requirement  Si, is active at/3m and 

Ui,,s. r (Ym+l + 1) (Z Ui,,s r (Ym+l + 1) 

for all m with a < m <_ b; or 

(3b) the requirement Si, is satisfied at/3m via/3a and 

Ui,,s. I (Ym+l q- 1) C_ Ui',s 1 (Ym+l q- 1) 

for all m with a < m < b. 

Consequently, no nodes between/3a and fib are labelled with an Si,-strategy. 

(4) There  is a unique l such that a < l < b and the R-des troyer  strategy/3~ is 

targeted to destroy a 's  F. 

(5) For any m with a < m < b and for any  i ~ < i,/3,~ is not  targeted to destroy 

Si ,-strategy's  F. 

Proof'. We argue by induction on i. 
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CASE i = 0: Since the ,S0-strategy is uniquely assigned to the root,  (1) holds. 

(2) follows from the labelling process of strategies. (3) and (5) hold trivially. 

For (4), since/35 = "y is an TO-controller strategy, there is some (least) /3t with 

l < 10 = b which destroys S0's F. And uniqueness follows from the fact tha t  So 

is not active for all/3 D/31. 

CASE i + 1: Suppose tha t  conditions (1)-(5) hold for i. Let  a = ai, b = bi, a 

be the unique $i -s t ra tegy with/3a C a C fb and let/3t be the unique TO-destroyer 

s t ra tegy with a < l < b which is targeted to destroy a ' s  F. 

We first argue tha t  (3) holds for i + 1. By inductive hypothesis,  there are nei- 

ther  Sj-s trategies  (for j >__ i) nor any 7"C-destroyer s t ra tegy f,~ between f~ and c~. 

Thus  for all m < l, Si is active via a at fm ; and for all m with l < m <_ b, ,Si is sat- 

isfied via/31 at/3m. Moreover, if Ui,~. I (Yt+l + 1) q: U~,s { (Yl+l + 1), then by the 

algorithm, ai+l = a and bi+l = 1. Thus for all m with a = ai+l < m < bi+l = l, 

we have tha t  Si is active at ~m, and Ui,s. [ (Ym+a + 1) ~ Ui,s [ (Ym+l + 1) 

by the monotonici ty  of the numbers ym, thus (3a) holds. Similarly, if 

Ui,~. { (Yt+l + 1) C_ Ui,~ r (Yl+a + 1), then by the algorithm, ai+l = l and 

bi+l = b. Thus for a l t m  with I = ai+l < m <_ bi+l = b, we have tha t  $i is 

satisfied at /3m, and Ui,s. [ (Ym+l + 1) C Ui,~ [ (Ym+X + 1) by monotonici ty  of 

the numbers y,~, thus (3b) holds. 

We now prove (2) for i + 1. Consider i" > i I > i + 1 such tha t  there is an 

$i , , -strategy cd ~ with fa~+l C c d  ~ C/3b~+~. Then  by induction hypothesis,  there is 

an $~-strategy a I with/3~ C a ~ C ~"  C/35. The  only worry is tha t  a ~ C/3t C a" .  

But  then a~ would be E3-injured by/3t, and thus there will be another  $i , -s t ra tegy 

between ~t and/35. Thus  in any case, there is an $i , -s t ra tegy between/3~+~ and 

/~bi+ 1 • 

We now prove (1) and (4) for i + 1. By the fact tha t  the algori thm does not 

stop at  cycle i + 1 and (2), there is an $ i+ l -s t ra tegy  a ~ with/3~+~ C a ~ C fb~+~- 

To see the uniqueness of a' ,  we look at two cases depending on the posit ion of 

the Si+l-s t ra tegy a ~. 

CASE 1: ~a  C a ~ C Bit. Then  pick the least such a ~. There  is an l ~ with 

a < I p < l such tha t  /3z, is targeted to destroy a I (otherwise, /3t would not  be 

targeted to destroy a) .  Now at any node extending /3z,, 8i+1 remains to be 

satisfied, unless it is E3-injured by some pair y and ~ where ~ is an S~,-strategy 

for some i' < i + 1. Since ~ C/3t, by (5), i' > i, and by (4), i ~ ¢ i, a contradiction.  

CASE 2: fll C a ~ C/35. The  argument  is similar, and it is left to the reader. 

Finally, (5) follows from a two-case discussion similar to the one given 

for (4). | 
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Note that  there are at most j0 many cycles, so the algorithm terminates. We 

now single out an easy consequence of the Decision Lemma which establishes the 

desired properties of/31.. 

LEMMA 4.3: Let l. be the number obtained from the decision algorithm for 7. 
Suppose that the algorithm does not stop at cycle i. Then 

(a) the requirement $i is active at/3~, if  and only if  

Ui,s. [ (Yl.+l + 1) ~ Ui,s r (Yl.+l + 1); 

and 

(b) the requirement $~ is satist~ed at ~l. if and only if 

Ui,s. I (Yt.+t + 1) _C Ui,s ~ (Yt.+l + 1). 

Proof: It follows from (3a) and (3b) in Lemma 4.2 by replacing m with 1.. | 

4.3. CONSTRUCTION BY STAGES. We now describe the stage by stage con- 

struction. We construct a 3-c.e. set C, an auxiliary Fi°-set A, an e-operator F~ 

for each S-strategy a E T, and an e-operator A/3 for each 7g-destroyer strategy 

/ 3 e T .  

Whenever a strategy ~ is in i t ia l ized,  its parameters become all undefined, its 

e-operator (if any) becomes totally undefined, and ~ no longer takes charge of 

any other strategy. The same holds when a strategy is r e s e t  except that  then 

the killing point w and the threshold u of an 7g-destroyer strategy do not become 

undefined. 

At stage 0, all strategies are initialized, and C and A are set to be oJ. 

At stage s + 1, first of all, for each Td-destroyer strategy/3 such that  Ks+l r 

u,/3 ~ Ks F w/3 o r  Uj,s+ 1 I 12/3 • Uj,s [ u/3 for some Sj-strategy a C /3, we reset 

the strategies ~ C T with/3 < ~, where < is the ordering on the tree T. 

Next, we let certain strategies on T be el igible to  ac t  at s + 1 as follows. 

First we let 0 be eligible to act. Given ~ that is eligible to act, we may allow 

an immediate successor of ~ (determined by ~'s action as defined below) to be 

eligible to act next. When we proceed to stage s + 2 we initialize all strategies 

7/> ~ if [~[ = s, or initialize all strategies ~/with ~' < ~/if the stage is ended by 

some strategy ~'. 

We describe the action of an individual strategy ~, depending on what type 

of strategy ~ is. (We work below with approximations by stages to various e- 

operators and sets involved in the construction. Then when for example in Case 

1 we write FCV(w) ¢ T((w) we should in fact write Fcu[s](w) ¢ K[s](w). Unless 

strictly necessary, for notational simplicity we omit to append Is].) 
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CASE 1: ~ is an S-strategy. 

Find the least w ~ s such that  F CU (w) ~ ]-~(w). If  no such w exists, then do 

nothing. Otherwise, proceed according to the subcase that  applies: 

CASE la:  FCV(w) = 1 and w ¢ K.  Extract  the least unused element of the 

current y(w)-use block from C. 

CASE lb: w E K and FCU(w) = 1 has been defined before but for any t with 

s' < t < s + 1 and for any w' < w, Ct { B(w ~) = Cs, r B(w~), where s '  is the 

maximal stage such that  FCV(w)[s'] = 1. Redefine FCV(w) = 1 with the largest 

?(w)-use block defined so far as the new 7(w)-use block. 

CASE lC: Otherwise, we (re)define FCV(w) = 1 with a big use. 

In any case, 4^0 is eligible to act next. 

CASE 2: ~ is an T¢-destroyer strategy targeted to destroy the F~ of some S- 

strategy a c 4. 

Let i = i~. First check if ~'s killing point w = w~ or threshold u = u~ or ~'s 

witness x = x~ is undefined. If  so then redefine i t / them fresh, and let i = 0. (See 

also the convention on counters made in Section 3.) 

Next check if ~ has stopped by itself (as defined below) since it was last ini- 

tialized or reset. If  so, then do nothing and let 4^1 be eligible to act next. 

Next check if one or more 7~-controller strategies ~ D ~ are taking charge of 

(as defined below). If so, then let these 7's  act now in decreasing order of priority 

(with respect to the ordering < on T) according to Case 3b below. If  one of these 

7's  stops ~ then do nothing and let ~^1 be eligible to act next. 

Finally, check whether or not the following conditions (1) to (5) hold: 

(1) 
(2) 
(3) 

e c ( x )  : 1, 

(Vz _< x + i + 1)(z ¢ A =~ eC(z) : 1), 

(V/3 ~ ~ )  (U > O(x + i)), 

where :D is the set of all 7~-destroyer strategies fl with/~^0 C_ 4; 

(4) (vB c G0) (IBI > i .  (O(x + i) + 1)), 

where Bo is the set of all use blocks used by some/3 C 7) to destroy an e-operator 

at the current stage. (Since the blocks used by /3 to destroy will not become 

clear until later, let us add a few more words of explanation. As we will see, each 

E T~ is targeted to destroy Fa, for some cd C/3 and a few A~, for c~ I C ~ C/3. 
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For each such/5, ~, B0 contains the %,(w~)-use block and the 5a(v-fi)-use block, 

where v~ is the number >_ uz with the least 5~-use.) 

And 

(5) (V$-strategies (# C/3)(Vs')(s* _< s' < s ÷ 1 

Ua,s, I (O(x + i) + 1) = Ua,s. [ (O(x + i) + 1)) 

where 

s* = max{s' <_ s : s' = 0 or { was eligible to act at stage s'}. 

If neither condition applies then do nothing and let { ̂ 1 be eligible to act next. 

Otherwise, let/~I be the collection of 

• all current %, (w)-use blocks B such that some requirement $ is active at 
via at; 

• all/i~(v)-use blocks D such that some requirement $ is satisfied at ~ via/3, 

with v > u, and A~(v) = 1 is defined. 

Check if 

(6) (vB e z l) (IBI > 0(x)). 

If yes, then we declare that ~ s tops  by  itself, extract x from A, and let ~ end 

the stage. 

Otherwise, we destroy the e-operators F~ and AZ where/3 has lower priority 

than a as follows: Extract  the least unused element of the %(w)-use block from 

C; and for each 7C-destroyer strategy/3 with c~ C/3^0 C_ ~, find v > u such that 

A~(v) ---- 1 is defined and has the least 5Z-use, extract the least unused element 

of the 5Z(v)-use block from C. 

We then increment the counter i by one, and update the e-operator A C as 

follows: Find the least z < i + l  (if any) such that  AC(z) ¢ U(z). I f z  ~ U 

then extract the least element of the AC(z)-use block from C. If z E U and no 

element left the use block B(z), then define A t ( z )  = 1 with the previous use. 

Otherwise, define AC(z) = 1 with big use. 

End ~'s action at this stage by letting ~^0 be eligible to act next. 

CASE 3: ~ is an 7C-controller strategy. Let 

/30 C / 3 1  C . . -  C/3~ o_  1 

be the 7C-destroyer strategies /3 with /3^0 C ~ and let /31o be ~. Let j0 be the 

number of ,S-requirements whose strategies are assigned at nodes c~ C ~. 
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CASE 3a: ~ is currently not taking charge of other strategies. First, check if ( 's  
witness x is undefined. If so redefine it fresh. 

Next, denote by io . . . . .  ito-1 the parameters i of flo . . . . .  D / o - l ,  respectively. 
Let g be a computable function to be determined later. Let B2 be the set of 

all use blocks used by some/3l (for 0 _< l < lo) to destroy an e-operator at the 

current stage. Check if 

(7) (Vl < lo) (it > max{x,g(jo)}) ,  

(8) OC(x) = 1, 

(9) (VB e B2) ([BI > g(jo)" (O(x) + 1) + 1)), 

and 

(VS-strategies (~ C ~)(Vs')(s* < s' < s + 1 =~ 
(10) 

U,,s, r (O(x) + 1) = uo~,,. [ (8(x) + 1)) 

and s* = max{s' _< s : s' = 0 or { was eligible to act at stage s'}. 

If none applies then end {'s action at this stage by letting { ̂ 1 be eligible to act 

next. Otherwise, say that  ~ is t ak ing  charge  o f /30 , . . . ,  fito-1; extract x from 

A; set Yl = max{O5z,(x) : l < l' < 10}, for 1 _</0; set s. = s; say ~ does not stop 

any of rio,---,/31o-1; set l, = I0; and end the stage. 

CASE 3b: ( is currently taking charge of/3o . . . . .  ~o-1- Apply the decision 
algorithm for { to find l. such that  { s tops  ~l for l. <_ l < /0 ,  and ~ does  n o t  
s top  ~l for 0 _< l < l.. Let B3 be the set of all use blocks used by some/3t (for 

0 <_ l < 1.) to destroy an e-operator at stage s.. Now restore 

(11) C r (Yl. + 1) D C~. I (Yl. + 1) 

by possibly putting back elements into C, and ensure 

(12) (VB e B3) (C n B ~) C~. N B) 

by possibly extracting the least unused element from C. (Lemma 5.2 will 

guarantee that this is always possible.) 

Furthermore, if I. has changed since the last time when ( (re)set 1. then 

ends the stage. Otherwise, if some/)-destroyer strategy ~ has let ~ act first then 

return to ~'s action; otherwise, end ( 's action at this stage by letting 4^1 be 

eligible to act next. 

This ends the construction. 
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5. Verification 

We begin the verification with the usual definition of true path. The true path  

f is the path through T defined inductively as follows. Suppose ~ = f I n. Then: 

(i) f ( n )  = 0 if ~ is an S-s t ra tegy.  

(ii) f ( n )  = 1 if ~ is an T~-controller s trategy.  

(iii) f (n) = 0 if ~ is an T~-destroyer s t ra tegy  and ~ ̂ 0 is eligible to act  at  infinitely 

m a n y  stages; otherwise f ( n )  = 1. 

LEMMA 5.1 (Finite Ini t ial izat ion Along the True P a t h  Lemma) :  Any  strategy 

C f is initialized or reset at most  finitely often, and it is eligible to act at 

infinitely many stages. 

Proof: Routine.  See, e.g., [7]. | 

Next  we do a counting a rgument  to show tha t  the size of the use blocks is suffi- 

ciently large to car ry  out the construct ion.  More precisely, let 3  ̀=/3j  o be a fixed 

7~-controller s t ra tegy  and let the domain  of 3  ̀ be {/~0, ~1 . . . . .  ~lo-1}. Suppose 

tha t  a t  s tage s , ,  3  ̀ takes charge of ~l for 0 < l < lo. 

LEMMA 5.2: The following hold: 

(a) For any z C ~, i f  z has ever been extracted from C, then there is at most  

one R-controller strategy that can put  z back into C. I f  z has been put  

back, then it will never  be extracted again. Consequently, C is a 3-c.e. set. 

(b) There is a computable function g such that: I f  (3) and (4) are obeyed by 

every/31 for 0 < l < / 0 ,  and (7) and (9) are obeyed by 3  ̀and g, then for any  

stage s > s,  and for any use block B used by some/3~, 0 < l < l , ,  there is 

an unused element  in C A B, where l ,  is the number obtained by executing 

the decision algorithm for 3  ̀ at  s tage s. In other words, the size of  B is 

larger  than the number  of t imes for 3  ̀ to execute (11) and (12). 

(c) For any  n > 3 or n = w, there is a computable function gn snch that (b) 

holds where the 3-c.e. sets Uj in the requirements are replaced by n-c.e, sets 

and g is replaced by g,~. 

Proof'. Let us consider a number  z which is in some use block B and it is 

ex t rac ted  f rom C at  some stage s~. Suppose tha t  at  some stage s +, z is put  back 

into C. Since only an T~-controller s t ra tegy  can put  e lements  back into C,  let us 

assume tha t  3  ̀is the one which puts  z back a t  the min imal  s tage s +. I t  must  be 

t ha t  3' wants  to restore C A B back to some stage s ,  such tha t  s ,  < s~ < s +. As 

different s trategies work on different use blocks, only some 7~-controller s t ra tegy  
! 3̀ ~ might  want  to ex t rac t  z from C again, to restore C back to some stage s ,  
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~ , s +"  3̀ 1 3,1 when - is out,  tha t  is sz <_ s .  < If  > 3`, then gets initialized at stage 

s . ,  hence it will work on a different block; if 3" < 3  ̀ then at  stage s'., 3" would 

initialize 3`, contradicting the choice of s +. This establishes (a). 

We now count the number  of changes in B at/3l, with 1 < l. .  By the argument  

in (a), we need only consider the changes made by one 7~-controller s t ra tegy 3`. 

Assume tha t  7 never gets initialized after stage s . .  We now trace the change in 

B back to some Uj-change on some element less than  Yl+l, and we show tha t  

l < I. only if there exists j < Jo such tha t  Uj I Yl+l ~ Uj,s. [ Yt+l, or I. = lo. 

Suppose tha t  l. ¢ 10. Then  there is a cycle j in the decision algori thm such tha t  

bj+l ~k bj, i.e., there is a k such tha t  Uj r Yk+l 7a Uj,s. [ Yk+l and bj+l = k. Now 

l < I. so l < bj+l = k. Thus Yl+l >_ Yk+l, hence Uj I yl+l 7~ Uj,s. [ yt+l. 
For a fixed j ,  since Uj is 3-c.e., Uj I Yl+l can change at most 3(yt+l + 1) many 

times, i.e., 3(j0 + 1)(yl+l + 1) many times for all j < j0 combined (in fact, as far 

as our construct ion is concerned, only the elements tha t  leave Uj matter) .  Let  

g(j)  = 3(j  + 1). Then  3  ̀ will extract  at most  g(jo) • (Yt+l + 1) many numbers 

from the use block B at 3t. 

We now check the size of B used by /3t. 

[B[ > g(Jo)" (8~(x~) + 1) + 1, and we are done. 

For l + 1 < 10, we first observe tha t  

05,+1 (i5,+1) >-i5,+1 

which implies 

Now by (4), 

If l + 1 = lo, then by (9), 

>85, ' (i&,) by (3) for l' > l + 1 

>05,, (x.~) by (7) and convention on O-uses, 

O~l+l (i5,+,) >- Yl+l = max{0&, (x7) : l  < l' < /o}-  

IB] >ie,+, • (Oe,+l (iz,+l) + 1) 

>_g(jo)" (Oe,+~ (i~,+~) + 1) by (7) 

>__g(jo)(y,+l + 1) + 1, 
which shows tha t  B is large enough and establishes (b). 

For (c), let gn(J) = n .  (j + 1) for the n-c.e, case where n > 3, and let g ( x , j )  = 
(j  + 1)x for the w-c.e, case. The  rest is similar to  the argument  in (b). | 

LEMMA 5.3: Every requirement ,5 is satisfied. 

Proof." Fix 8.  By Lemma 4.1, there is a unique S-s t ra tegy a C f such tha t  

the requirement  S is either active at f I n via a for all n > lal, or satisfied at  
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f { n via some ~-destroyer strategy/3 for all n > I/3]. Since a (or/~, respectively) 

is initialized or reset only finitely often, there is a stage so after which a (or/~, 

respectively) never gets initialized or reset, hence a (or/3) will work on a fixed 

e-operator F~ (or A/~ respectively). 

CASE 1:  S is active at f [ n for all n > lal. 

We will show that K = F CU, where F = F~. 

Suppose that K ¢ F CU. Let x be the least counterexample. Let sl > so be a 

stage such that 

(Vt > Sl)(K[t] r (x + 1) = K[sl] r (x + 1)), 

(vt > sl)(vx'  < x)(rCU(x ') 

and for every x ~ < x, 7(x ~) does not change after sl and 

(Vt > 81)((6 (~) U)[81] I (~(xt) + 1) = (C • U)[t] [ (7(x') + 1)). 

By the choice of sl and the selection of 7-uses, 7(x) at a only moves if there 

is an T/-destroyer strategy /3 D a such that x = wz, and /3 or an T¢-controller 

strategy 7 with ~/</3 or 7 D /3^0 acts. If/3 < f then it will not be eligible to act 

eventually. If/3 > f ,  then w/3 goes to infinity. If fl C f ,  then by case assumption, 

/3^1 C f .  Let s2 > sl be the least stage after which ~^1 is no longer initialized. 

After stage s2, any definition of F c[~ (x) = 1 (if x E K)  or any correction of 

FCU(x) (if x E K)  will remain permanent, since neither /3 nor any such ? will 

act. Thus 7(x) moves only finitely many times. 

Notice that  we have shown also that,  similarly to what happens in the proof of 

nondensity of the d.c.e. Turing degrees, even in the case when x E K,  we define 

only finitely many axioms {x, F)  E F. 

CASE 2: 8 is satisfied at f [ n via some T¢-destroyer s t r a t egy /~0  C f for all 

n > 1/31. 
We will show that  U = A C where A = A/~. 

Suppose that U ¢ A c.  Let x be the least counterexample and Sl > So be a 

stage such that 

(Vt > sl)(U[t] r (x + 1) = U[81] r (X -~- 1)), 

(Vx' < : U ( x ' ) )  

and for all x ~ < x ,  5(x ~) eventually stops moving and 

(Vt > sl)(C[s,] r (5(x') + 1) = C[t] r (5(x') + 1)). 
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Suppose x E U. Since 3^0 C f there is a (least) stage s > 81 at which we define 

AC(x) = 1. We argue that  the use 5(x) can only move finitely many times after 

s. As argued in Case 1, 5(x) only moves if there are some R-destroyer strategies 

D 3 with threshold ua < x, and 3 or an g-controller strategy 7 with ? < 

or 7 D 3A0 acts. I f 3  < f then it only acts finitely often. I f 3  > ] then ua 

goes to infinity. If 3 C f ,  then by case assumption, 3^ 1 C f .  Hence 3 only acts 

finitely often. Let s2 > sl be a stage after which the longest such 3 c f is no 

longer initialized. After s2, AC(x) can only be injured if some z > x leaves U 

with 5(z)[s2] < (~(x)[s2]. As there are only finitely many such z, and when 5(z) 

gets redefined (if ever) it will be larger than 5(x), we only need to redefine AC(x) 

finitely many times after s2. 

The argument is similar if x ¢ U. Following the same notation, eventually, no 

or ? will recover any A-axiom (x, F).  Thus AC(x) = 0. 

This completes the proof of the lemma. | 

LEMMA 5.4: Every g-requirement is satisfied. 

Proof: By Lemma 4.1, each requirement g is satisfied at f [ n via an g-s t ra tegy 

for almost all n. Let ~ be that g-strategy. By hypothesis, we have ~^1 C f .  Let 

so be minimal such that ~ is not initialized or reset after stage so. We distinguish 

five cases. 

CASE 1: ~ is an g-destroyer strategy and stops by itself after stage So, say, at 

stage sl > So. It suffices to show that the computation eC[sl](x) = 1 is never 

injured, where O = O 4 and x = x¢. 

First notice that  after stage sl,  1to controller ~ will want to recover things back 

to a stage preceding sl. The reason is that such a 7 must be to the left of {. If 

7 has any action at all, it will initialize all nodes to the right, in particular, {. 

Therefore we only need to consider the uses present at stage sl. 

By initialization and our assumption on So, only some S-strategy y C { or 

some R-destroyer strategy rl with y^0 C ~ can injure OC(x)[sl] by correcting r~ 

or Av on some argument v _> w{ or v _> u{ respectively. 

By (6), we only need to consider the nodes which are V~a-injured at ~. Let rl 

be such a node. Suppose that ~ is P,a-injured by the pair (S-strategy) a and 

(g-destroyer strategy) 3- By (4), we have mi n B  > [B[ > 8(x) at stage sl for 

the %(w~)- or 5,(v)-use block B. Thus r] will never injure OC(x)[sl]. 

CASE 2: { is all g-destroyer strategy and neither stops by itself, nor is per- 

manently stopped by some fixed R-controller strategy ? 2 ~^0, after stage So. 
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We first claim that ~ is eligible to act at infinitely many stages without being 

stopped by any R-controller strategy -y _D ~^0. For the sake of a contradiction, 

assume there are only finitely many such stages, and let sl be the largest such 

stage. Certainly Sl _> So by initialization or resetting. Then after stage sl, no 

strategy ~/_D ~ 0  is eligible to act, and only R-controller strategies ~ _D ~^0 are 

allowed to act first by ~ or some ~ C ~. Whenever some such ~f no longer stops 

then all strategies 7/> "y are initialized, and the next "y~ to stop ~ must therefore 

be ~/' < "y and must have been eligible to act before stage sl. But there are 

only finitely many such strategies -y; so either one fixed such "y eventually stops 

forever or ~ is no longer stopped, a contradiction. 

Thus ~ must eventually be stuck waiting for the conditions (1) through (5) in 

Case 2 of the construction to hold for a fixed x = x~ E A. Suppose O~ = A. 

Thus i~ and 9~(x + i~) are eventually fixed. Since ~ C f ,  liras* = limi~ = cc 

for all/3 E l), and limmin{IBI : B E B0} = oc. So (1) through (5) hold true at 

cofinitely many stages, a contradiction. 

CASE 3: ~ is an TO-controller strategy that  never takes charge of other strategies 

after stage so. 

Suppose O~:" = A. Thus x = x~ E A and ~ ( x )  is eventually fixed while 

limit = oc for all l < 10, liras* = c~, and limmin{IB 1 : B E B2} = ~ since 

C f .  So (7) through (10) must hold at cofinitely many stages, a contradiction. 

CASES 4 AND 5: ~ is an 7C-destroyer strategy that is permanently stopped by 

some fixed R-controller strategy "~ _D ~^0 after stage So; or ~ is an 7C-controller 

strategy ~ that  takes charge of other strategies after stage so. 

Since 7 -< f ,  7 will be initialized or reset after stage so only finitely often, say 

never after Sl > so. Then ? takes charge of other strategies forever at some stage 

s. + 1 _> sl. As each Uj for 0 _< j < j0 is a 3-c.e. set, 7's parameter l. can change 

at most finitely often once ~ takes charge of other strategies, so say l. will not 

change after (at least) stage s2 _> s. + 1. 

We show that x = x~ is the witness for diagonalization. By minimality of s2, 

"~ will ensure (11) and (12) for I. at stage s2. By (11), we have 

O~'(x)[s2] = O~'(x)[s.] - 1 ¢ 0 = A(x). 

By initialization and our assumption on sl,  only S-strategies a C ~ and 

R-destroyer strategies /3 with /3^0 C_ ( can possibly destroy the computation 

O~'(x) after stage s2. Moreover, the injury can only happen when correcting 

F~ on an argument >_ max{wz~ : I < /o} or correcting AZ on an argument 

>_ max{u~, : I < /o} (otherwise, /3to, and thus % would be initialized). Denote 
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the set of these strategies by 7)0. We will show that  no ,] E Do will destroy O~(x) 

after stage s2. 

Let :D1 be the set of all S-strategies a E :Do such that a 's  requirement is 

not active at f via a, and of all Tt-destroyer strategies i3 which are E3-injured 

at f.  Consider any y c 7Pl. Then there is some /71, with l' < l., which kills 

~]'s e-operator. Then the 7~(wz,,)- or ~Z(v)-use block B (where v _> uz,, is the 

least such that  AZ(v) = 1 is defined) is in f ' s  /30 (in Case 4), or B2 (in Case 

5), at stage s. ,  and by (4) and (7) (in Case 4), or by (9) (in Case 5), we have 

minB > IB[ > O~(x)[s.]. By initialization, no R-controller strategy ~ # 7 can 

restore C on B after stage s.. Now B is in 7's set/7t3 (since r~  or A~ is destroyed 

by/31,). Thus by (12), C is permanently changed on B by 7 at stage s2, and 

thus any 7~(w)- or @(v)-use block (for w _> wz,, and v > uz,,) that applies after 

stage s2 exceeds O~(x)[s.]. Thus ~ cannot destroy O~(x) after stage s2. 

Next consider an Sj-strategy a which is active at f (for some j _< j0). The 

plan is to argue that  Uj must have changed below a certain (relatively small) 

number so that 7(w) is lifted beyond Oe(x). Formally, let l ~ be minimal such 

that  f3t, is targeted to destroy Fa. As Sj is active at /3~. we have that 1 ~ > l.. 

Moreover, aj+l < l. < bj+l = l ~, where a and b are the parameters in the decision 

algorithm. Thus, 

Vj,8 I (Yl'+l 71- 1) ~ Uj,8, I (Yl#+l ~- 1) 

for all s > s2. We need to show that no correction of F~ v~ (w)[s] for w _> w~,, 

can injure the computation O~(x)[s2] = O~(x)[s.]. 

At stage s. + 1, /31, changes C on the 7~(wze )-use block. By the way uses 
are selected, if F Cvj (w) is defined for the first time at a stage after s . ,  then the 

minimal element in its use block will be fresh at that  stage, in particular larger 
. . . .  cuj 

than 0~ (x)[s.]. Hence, in this case correcuon oi I s  (w) will not be a problem. If 

F CU~ (w) is first defined at some stage before s*, then it is permanently destroyed 

by the C-change at stage s*. If remains to consider F CU~ (w) which is first defined 

at some stage between s* and s . + l .  First observe that by (4) (for ill,1 < l ~ < lo), 

and by (7) and (9) for 7, 

Yl'+l = max{0z, (xT) : I' < 1 _</0} < IBI < minB 

for the 7~(wz,, )-use block B that/~l, uses to destroy F~ at stage s. + 1. Secondly, 

by (5) or (10) for 13t,+l 

(Vs)(Vt)(s* < s < s. + 1 ~ t > s2 ~ Uj,~ [ (Yt'+l + 1) ~l Uj,t I (yl'+l + 1)), 
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and no definition using block B ever applies after stage s2. 

Thus no Sj-strategy a which is not E3-injured can destroy O~(x) after stage 

82. 

Finally, consider an R-destroyer strategy ~m (m < l,) which is not E3-injured 

at ~. Then some requirement Sj is satisfied at/3t, via/3m. So by (b) of Lemma 

4.3, 

Uj,s ~ (y~. + 1) _D Uj,s. r (Yr. + l)  

for all s > s2. Thus when 7 restores C F (Yr. +1)  at stage s2 (by (11)), we 

have that  for any v < yl. + 1, if A~(v) is defined by stage s. then/3 will not 

correct it after stage sz, so it will not change any C F (5(v) + 1) or, afort ior i ,  

C r (O~(x~) + 1). Thus no R-destroyer strategy/3 which is not E3-injured at 

can destroy O~(x~) after stage s2. 

This concludes the proof of Lemma 5.4 and thus Theorem 1.10. | 

By replacing the function g in the construction by g~ in Lemma 5.2, one can 

easily obtain a proof for Theorem 1.11. 

6. T h e  low n-c.e,  e -deg rees  

We show in this section that no low n-c.e, e-degree can be maximal among the 

n-c.e, e-degrees, 2 _< n <_ w. Let us say that an e-operator • is special if it 

satisfies the following property: for every e, j 

( ( e , j ) , F )  e • =* F = 0 or F = {j}. 

(In particular, • is an s-operator, see [13], [4].) Clearly, if • is special and Y is 

a A ° set then o F  is A °. In fact ~Y is n-c.e, if Y is n-c.e. 

We have: 

THEOREM 6.1: I f  X <~ Y are A2 ° sets such that X is low the~ there exists a 
special e-operator • such that X <¢ X • ~Y <e Y. 

Proof: The proof is a straightforward modification of Gutteridge's proof showing 

that no nonzero A ° e-degree can be minimal, [13] (see also [4]). Let X, Y be given. 

THE REQUIREMENTS: The construction aims to build an e-operator • such that  

the following requirements are satisfied: 

:,r Y # 

:Y # , 
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where we recall that {Oe}eew is the standard listing of the e-operators, with com- 

putable approximations {Oe,s}~,8e~- Let us define a new effective listing {~e}eew 

of the e-operators, through suitable computable approximations, as follows. Let 

~2e,s = Oe,s, 

~2(i,F)+l,s = {(X, D ) :  (3D')((x, D @ D') • Oi,, 

and D ~ C F Uw[>i])} 

where F is (the canonical index of) a finite set and co [>i] = {(j ,x)  : j > i} 
(accordingly, w [<i] = { ( j , x ) :  j < i}). Finally for every e, let ~ = U8 ~ , s .  

We recall that the e-jump of a set Z is the set J(Z)  = K z  ® Kz ,  where 

K z  = {e : e • OeZ}. Since X is low, we have that J (X)  =~ J(O). As clearly 

KO -1  {e : e  • (I)e~}, and thus J (X)  -~  KO O.KO, where KO = { e : e  • (I)e~}, 

by the proof of Lemma 4 of [16] there exists a low approximation {Xs},e~o to X 

relatively to the e-operators {qSe}~e~o and their approximations {¢5~,,}~,,eoo, i.e., 

g(I)X* }sew is a A°-approximation to (I)x . In particular, for every e, j ,  for every e, ~ e,s 

( ,)  lim,l,x; (j) exists. 

This is the A°-approximation to X that will be used in this proof. Let {Y,}se~ 

be any A°-approximation to Y. 

THE CONSTRUCTION: The construction is by stages. At stage s we define g~,. 

Contrary to what we have done in the proofs of Theorem 1.10 and Theorem 1.11, 

we are more explicit here about mentioning in full detail the stage approximations 

to the various sets, due to the important role played here by approximations. Let 

/(e, s) = min{x < s :  ff*~s (x) # oX"(x)} 
- -  e ~ 8  

and 
_ O x~e~P n(e,s) = min{x < s :  Y,(x) :~ e,s (x)}. 

By properties of the low approximation to X with which we are working, and 

by the fact that  q/is special, we immediately have that  lims l(e, s) always exists, 

either infinite or finite, and 

g2 v ¢ 0 X ¢:~ liml(e,s) < ec 
8 

x, 0 x" (x) exists for every x. as Oex] = ~P2e,s, and thus limb e,s 

We now give the construction: 
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STEP 0: Let g0 = 0. 

STEP 8 T 1: For every e _< s, 

(a) i f j  <_ I(e,s) then enumerate ((e,j), {j}) into t~8+1; 

(b) i f j  < L(e, s) and there exist finite sets E,  F, G such that 

( j , E ~ ( F u G ) ) E O ~ , ~ ,  E c X s ,  F E w  [-<~1, GC_w [>e], 

then choose such a triple of finite sets (in a c o n s i s t e n t  way: this means 

that  at stage s we should choose the least triple such that E has been a 

subset of X for the longest time. In this way we eventually choose the same 

triple if there is some triple that eventually shows up at every big enough 

stage), and enumerate (g, 0) into ~s+l,  for every g E G. 

Finally, let ~ + 1  consist of all the elements in ~s plus the elements which have 

been enumerated into ~ + 1  through (a) or (b). This ends the construction. 

Proof  that the construction works: Let 

I P = {(e , j}  : (e , j )  • ~ v } ,  

z? = {e: (e, O) e v} .  

We show by induction that for every e 

(1) I p and I Q are finite; 

(2) lim~ l(e, s) and lims L(e, s) exist and are finite; 

(3) Pe and Q¢ are satisfied. 

Notice that Io Q = 0. Assume that the claim is true of every i < e and suppose 

further that  I Q is finite. Assume for a contradiction that ~Y = O X. Then l(e, s) 
is unbounded and therefore for every j ,  ((e, j) ,  {j}) E 9,  but for only finitely 

many j do we have ( (e , j ) ,0)  E k0. Therefore, for all but finitely many j ,  

j e Y ¢~ (e, j )  E ~ v  

which implies Y <_~ X, a contradiction. Therefore oY ¢ 0 x and lim~ l(e, s) 
is finite. Hence the construction enumerates only finitely many numbers of the 

form ((e,j}, {j}} in kO via (a) of the construction. Hence Pe is satisfied and I P 

is finite. 

By the inductive assumption and what we have just proved, the set F = 

k Oy ('1 w [<-e] is finite. 

We now show that lira8 L(e, s) exists, either infinite or finite, and 

Y -- O~ xecY ~ l imL(e,s)  < ~ .  



318 S .B .  C O O P E R  ET. AL Isr. J. Math. 

To this end suppose that for every j '  < j we have that Y(j ' )  = O xe~Y (j ')  and 

lima ~e,s U ) exists. Then there is a stage u such that for every s > u we have 

that  L(e,s) > j and q~Y~(z) z~ _ = ~ (z) for every z E F.  We first examine the 
g_-~X, 0 ~  ~ / -x case when j E ~ x e ~ , r .  In this case lima ,~,~,, U) exists, and since lim~ Y~(j) 

also exists we have that either lima L(e, s) = j i f j  ¢ Y, or eventually L(e, s) > j 

if j E Y. Assume now that j ~ O x ~ ' r  . We claim in this case that j ~t O2(¢,r)+l"X 

For the sake of a contradiction let us suppose otherwise. Then there exists some 

triple of finite sets E, F ~, G such that 

( j , E ® ( F ' U G ) ) E O ~ ,  E c _ X ,  F ' C F ,  Ggwt>e].  

But then eventually the construction selects some such triple making sure that 

G C ~Y by enumerating (g, 0} into • for every g E G, thus giving j E O x e v r  , 

a contradiction. Since j ~ O2(e,F)+I,X by (*) there exists a stage u' _> u such 

that  j ~ O2~,F}+l,a for every s >_ u I. But then for every such s we have that  

ex~e,t, yo ex~e,t,p x~ , .  ,:,x, e,i,p j ~ e,s since e,s ~ (~2(e,F)+l,s" Thus -m,a ~ , ,  (j) exists, and 

since lima Ys(J) exists we have that either lima L(e, s) = j if j E Y, or eventually 

L(e, s) > j if j ¢~ Y. 
Next, assume for a contradiction that Y = O / e q ' r  , hence L(e, s)is unbounded. 

We claim that this implies that 

Y = oXe(Fuwt>~l), 

which would imply that Y -<e X, a contradiction. Indeed Y C O xe(Fu~L>~]), 

as O xeq ' r  C Off e(Fu~>%. On the other hand, i f j  E O x@(Fff~>% then there 

exists a finite set G c co[ >¢] such that j E O Xe(FUG), and the construction 

makes sure that  G c ~Y, thus yielding that  j E ~ x e ¢ r ,  i.e., j E Y. Hence 

Y ¢ O~ e ~ r  and Qe is satisfied. 

Finally, I~+ 1 is finite since Y ¢ Oe xeq ' r  implies that liras n(e, s) exists and is 

finite. 

This concludes the proof. | 

We are now ready to conclude: 

COROLLARY 6.2: No low n-c.e, e-degree can be maxima/ among the n-c.e. 

e-degrees, for 2 < n < w. 

Proof: If X is n-c.e., n _> 2, and low, then by the previous theorem there exists 

a special e-operator • such that X <e X ~ ~K <e K.  On the other hand ~K is 

2-c.e. Hence X • ~K is n-c.e. | 
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